Differences of functions and measures 251 then / = g-\-h-\-k, where g e L\ OC (R), h is additive and k is such that A s k = 0 a.e. for each s e R. The analogous problem with Lf oc in place of Lf oc is left open. We, on the other hand, will show (as a corollary of Theorems 3 and 5) that if 1 ^ p 5S oo, and if / is a distribution on R with the property that AJ e Lf oc (R) for each s belonging to a set SCR which is either nonnull or contains a nonmeagre F CT -set, then feLf^R).
Although it is true that special cases of this corollary of Theorems 3 and 5 are derivable from de Bruijn's result with little trouble, this approach is limited in scope and (we feel) not the natural one.
Our positive results, as well as coping with general values of the exponent p in the range [1, oo] , also apply to cases in which the data involves iterated differences A"foi arbitrarily high orders.
A few negative results are obtained, applying in cases where the set S is locally negligible or meagre but may well be perfect and uncountable. Here again the examples are quite different in nature from those of de Bruijn insofar as we countenance no dealings with nonmeasurable functions.
Immediately following a description of notations are the statements of the positive results, the proofs of which occupy § § 2 and 4. The negative results are considered in § 5.
NOTATION. The term "measure" will always mean "Radon measure" and M(G) will denote the space of measures on G. If Q is a nonvoid open subset of G, C C (Q) denotes the space of continuous functions on G with compact supports contained in Q.
For simplicity we shall, when speaking of distributions, assume that the underlying group G is a Lie group. In such cases &(G) denotes the space of distributions on G; and, for any nonvoid open subset Q of G, C™(Q) denotes the space of indefinitely differentiable functions on G with compact supports contained in Q. The space of indefinitely differentiable functions on G is denoted by C°° (G) .
The usual Lebesgue spaces L V (G) and Lf oc (G) are constructed relative to left Haar measure m on G, the exponent p satisfying always 1 ^ p ^ oo. These, and the other function spaces already mentioned, may and will be injected into M(G) in a familiar way; when G is a Lie group we go one step further by injecting M(G) itself into @' (G) .
If £ is a subset of G and r a positive integer, E l l r denotes the set of x e G satisfying x T e E. At times we shall need to impose upon G one or more of the following conditions:
(C r ) There exists a number c r > 0 such that
for each relatively compact measurable subset E of G. In connection with Theorem 5 we observe that (in any locally compact Hausdorff space G) any nonvoid open set U is nonmeagre (see [4] , 0.2.18 and 0.3.16); and that any such set U contains a nonvoid open (and therefore nonmeagre) F^-set V. On the other hand, a nonmeagre set S may contain no nonmeagre F^-set (as when G = R and S is the set of irrationals).
The techniques used to prove Theorems 1-5 can be adapted so as to [4] Differences of functions and measures 253 apply to cases in which Z£ C (G) is replaced by certain other spaces, among which are: The preceding assertions are no longer valid when p = 1, which is why this case demands separate treatment at various points. It remains true, however, to assert N ltO (/i) coincides with the Z. and therefore, by (2. is not a dual space, we are forced to adopt a different approach.
As a beginning, we can show easily from (2. (ii) If G is first countable one may proceed otherwise. The final paragraph of § 2.4 will serve to show that F is scalarwise measurable, i.e. that s -> < f, F(s)y is measurable for each xp e L°°(Q): this is so because, thanks to our hypothesis on G, we can still choose a sequence (<£*) from C C (Q) ( 
The basic lemma
Once again we shall need to separate the cases 1 < p 5S oo and p = 1. (
c) / / G is a Lie group, the conclusions (i) and (ii) remain valid if we assume merely that fi e @'{G).
PROOF. The substance of § 2.3 shows that in all cases we have Moreover, the definition (2.1.1) of N vO shows that each set S n>fc is closed in G; in this connection observe that use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700005310
[10]
Differences of functions and measures 259 and that A x depends continuously on x e G when regarded as an endomorphism of C e (G) (or of C™(G) if G is a Lie group).
(a) If w«,(S) > 0 it follows from (3.1.2) that m*(S nk ) > 0 for some pair (n, k) with n 5S n*. It thus suffices to take for W a suitably large compact subset of S nk .
Consider now the case in which n* = 1, so that n is forcibly also equal to 1. The relations ( 3 1 4 ) Let s e W, so that s = xy~x for some x, y e S k . Using (3. (c) Only verbal changes are required in the preceding arguments to cover the case in which G is a Lie group and fi is an arbitrary distribution on G, the remaining hypotheses being as before.
A(s~i) = -r(s-i)A(s)
A
3.2
The case p = \. Let n*, S, /J, and Q be as in § 3.1, except that p is taken equal to 1. The conclusions are as follows:
(a) if w*(S) > 0 then there exist positive integers n 5S n* and k such that 
(Q). (If G is a Lie group and fx e 2>'{G) we restrict <f> to Cf{Q).)
Since it is easy to verify that S n^ry9 is a closed subset of G, the measurability of S H:k is plain. This being so, the hypothesis m^.(S) > 0 and the relation (3.2.2) combine to show that m*(S n k ) > 0 for some pair (n, k); and so, as in § 3.1, we may take for W any sufficiently large compact subset of S nk .
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700005310 [12] Differences of functions and measures 261
The case in which n* = 1 proceeds much as in § 3.1: in the definition of S k we add the clause "A s /i\U e L 1 (C7)", and it is necessary to repeat the argument just given to show that S k , although possibly nonclosed, is at any rate measurable.
(b) Write S^ as the union of an increasing sequence (Sjjf J^ of closed subsets of G. Then one has Since 5^ is closed and contained in S, S k is easily seen to be closed. The relation (3.2.4) then entails that, for some k, S k has a nonvoid interior and we may take for W any nonvoid relatively compact open subset of S k .
(c) This requires no special comment: the preceding arguments are applied with C e (Q) everywhere replaced by C™(Q).
Proofs of theorems 1-5
In all cases we suppose given any relatively compact open subset Q of G and aim to deduce in each case that fi\Q eL p (Q). Once this is done, the free choise of Q shows that fi e Lf oc (G). An appeal to § 2.5 shows that (4.1.2) holds with p = 1, from which point the proof proceeds as in § 4.1.
Similarly for the proof of the analogue for p = 1 of Theorem 2 with the hypothesis (i).
For the analogue for p = 1 of Theorem 1 with the hypothesis (ii'), we rely on § 3.2(b).
The remaining cases call for no comment beyond what has been said under § 4.3 in relation to the case in which 1 < p ^ oo.
Same negative results

5.1
Throughout this section we shall specialise G by assuming it to be a first countable compact Abelian group containing a nonvoid Kronecker set S (see [7] , p. 97); G is thus necessarily infinite. It is our aim to show that there exist many true pseudomeasures [i on G such that A s fi is a wellbehaved function for each s e S; and that there exist functions / $ £°°(G) such that AJ is very well-behaved for each s e S. Concerning pseudomeasures see the Appendices attached to [11] , § 2.2 of [8] , and also [9] . The constructions depend upon a simple lemma. Then 6 > 0 by choice of the w m , and so a continuous character y_ n+1 can be chosen so that
It is then easy to see that x n +i i s different from % t for 1 ^ »' g », and that the sequence (x n )%Li n a s a U the desired properties as a consequence of (5.2.1) and (5.2.2).
5.3 Let G and S be as in 5.1, and denote by X the character group of G. We will show that an infinite sequence (£ n )~=i °f dictinct characters of G may be chosen from X in such a way that the following is true. Given any sequence (e n )^= 1 One can even choose fi so that, in addition, its singular support is equal to G (see [9] ).
PROOF. The desired sequence (x n ) is obtained by thinning out the sequence constructed in § 5.2 in such a way that {x n '• n -1, 2, • • •} is a Sidon subset of X (see [7] , p. 126), and such that, if We have still to show that a bounded sequence (c n ) can be chosen so that the pseudomeasure defined by (5.3.4) has its singular support equal to G. But suppose this were not the case: let us proceed to derive an absurdity.
A category argument similar to those used in [9] leads from our hypothesis (that sing supp/* is distinct from G for all bounded sequences (cj) to the conclusion that there exists a fixed nonvoid open subset U of G such that every fi of the type (5.3.4), with (c n ) a bounded sequence, coincides on U with a measure. By using a partition of unity, it is easily seen that U may be taken to be the whole of G; in other words, for any bounded sequence (c n ), the right hand side of (5.3.4) is a Fourier-Stieltjes series. But then ( [10] , Theorem (1.1)) we may infer that use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700005310
Kronecker set S may be chosen to be perfect and metrisable ( [7] , pp. 99-100); since G is nondiscrete, S is then necessarily uncountable.
On the other hand, if G is the circle group, and if S is any subset of G for which § 5.2 is provable, the positive results established in the present paper show that S must be meagre and of zero measure. In fact it is easy to see that no compact subset K of S can carry any nontrivial measure whose Fourier transform tends to zero at infinity (i.e., K is a set of uniqueness in the wide sense; see [11] , pp. 53-57), so that K must have zero generalised capacity relative to any positive convex sequence {% k )%Li satisfying 2£Li K = °o (see [12] , Vol. I, p. 404).
5.6 Assuming still that G is the circle group, similar counterexamples can be constructed for the case in which S is the dense subgroup generated by (the residue classes modulo 2n of) any finite number s x , • • •, s k of real numbers such that at least one of the ratios sJ2n (1 fS / ^ k) is irrational. If (c n ) satisfies (5.3.3), then (5.6.1) defines a true pseudomeasure \i on G such that, for each s e S, A s ft has an absolutely convergent Fourier series; and (c n ) may be chosen so that sing supp fi = G. Also, (c n ) can be chosen satisfying (5.4.3) and such that the function / defined by (5.6.1) fails to belong to L°°(G) and yet has the property that, for each seS, AJ has an absolutely convergent Fourier series. By taking q n = n\, it could be arranged that (5.6.1) defines a function / or a pseudomeasure n which is itself relatively "wild" and yet which is such that, for any s for which s/2n is rational, AJ or A s /x is a trigonometric polynomial.
Yet another variant is obtainable by taking a rapidly increasing sequence i n k)kLi 0 I positive integers such that n k divides n k+1 and very rapidly. Consider then a distribution 
